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1. (25 points) Let x1 = 1 and xn+1 = 3− x−1n for all n ∈ N.

(a) Show that xn ≥ 1 for all n ∈ N;

(b) Show that xn is monotonic non-decreasing;

(c) Show that {xn}∞n=1 is convergent;

(d) Find the limit of limn→+∞ xn.

Solution:

(a) We prove by induction that xn ≥ 2 for all n ∈ N.

When n = 1, x1 = 1 ≥ 1.

Suppose xk ≥ 1 for some k ∈ N. Then xk+1 = 3 − x−1k ≥ 3 − 1 ≥ 1. Hence
xn ≥ 1 for all n ∈ N.

(b) We prove by induction that xn+1 ≥ xn for all n ∈ N.

When n = 1, x2 = 2 ≥ x1.

Suppose xk+1 ≥ xk for some k ∈ N. Since xn ≥ 1 for all n ∈ N, we have that
xk+2 = 3− x−1k+1 ≥ 3− x−1k = xk+1. Hence xn+1 ≥ xn for all n ∈ N.

(c) Since xn ≥ 1 > 0 for all n ∈ N, we have that xn+1 = 3− x−1n < 3 for all n ∈ N.
Therefore {xn} is monotone non-decreasing and bounded from above. It follows
that {xn} is convergent.

(d) Let limn→∞ xn = L ≥ 1. By taking limits on both sides of the equation xn+1 =

3 − x−1n , since L > 0, we have that L = 3 − 1
L

. Then L = 3−
√
5

2
or L = 3+

√
5

2
.

Since L ≥ 1, we reject the solution L = 3−
√
5

2
. Hence,

lim
n→+∞

xn =
3 +
√

5

2
.
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2. (25 points) (a) State without proof the Bolzano-Weierstrass Theorem;

(b) State the definition of Cauchy sequence;

(c) Prove that a sequence {xn}∞n=1 of real number is convergent if and only if it is a
Cauchy sequence.

Solution:

(a) Suppose {xn}∞n=1 is a bounded sequence, then there is a convergent subsequence.

(b) A sequence {xn}∞n=1 is said to be Cauchy if for any ε > 0, there exists N ∈ N
such that for all m,n > N ,

|xm − xn| < ε.

(c) Suppose {xn}∞n=1 is convergent and limn→∞ xn = L. Then for any ε > 0, there
exists N ∈ N such that for all n > N ,

|xn − L| <
ε

2
.

Hence for all m,n > N ,

|xm − xn| ≤ |xm − L|+ |xn − L| < ε.

Suppose {xn}∞n=1 is Cauchy. Then there existsN ′ ∈ N such that for allm,n > N ′,

|xm − xn| < 1.

It follows that xn ≤ max {x1, x2, . . . , xN ′−1, xN ′ + 1} for all n ∈ N. Hence
{xn}∞n=1 is bounded. By the Bolzano-Weierstrass Theorem, we can find a subse-
quence {xmk

}∞k=1 of {xn}∞n=1 converging to some L ∈ R. Now we fix an ε > 0.
Then there exists N1 ∈ N such that for all k > N1,

|xmk
− L| < ε

2
.

Using the Cauchy assumption, for the same ε > 0, there exists N2 ∈ N such that
for all m,n > N2,

|xm − xn| <
ε

2
.

Let N = max {mN1 , N2}. We can find some k′ > N1 such that mk′ > N ≥ N2.
Then for all n > N ,

|xn − L| ≤
∣∣xn − xmk′

∣∣+
∣∣xmk′

− L
∣∣ < ε.
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3. (30 points) Using ε-δ terminology or the sequential criterion to show that

(a) lim
x→0

x2 + 2

x2 − 2
= −1;

(b) lim
x→+∞

sin (x) diverges.

Solution:

(a) Let f(x) = x2+2
x2−2 . Note that for |x| < 1, |x2 − 2| > |1− 2| = 1 and 1

|x2−2| ≤ 1.

For any ε > 0, we choose δ = min
{
ε
2
, 1
}

. Then for |x− 0| < δ, we have that

|f(x) + 1| =
∣∣∣∣ 2x2

x2 − 2

∣∣∣∣ ≤ 2x2 < 2|x| < ε.

Therefore, limx→0 f(x) = −1.

(b) Let f(x) = sin(x), an = 2nπ and bn = 2nπ + π
2

. Note that for all n ∈ N,

f(an) = sin(2nπ) = 0

and
f(bn) = sin(2nπ +

π

2
) = 1.

Then limn→∞ f(an) = 0 6= 1 = limn→∞ f(bn). Since bn > an > n for all n ∈ N,
we have that both an and bn go to ∞ as n→∞. Therefore, limx→∞ sin(x) does
not exist.



5

4. (20 points) Suppose f : (0,+∞)→ R is a function given by

f(x) =


1

m2
, if x =

m

n
, gcd(m,n) = 1;

0, otherwise.

Find the set of c ∈ R+ where f is continuous at c. Give your reasoning.

Solution: We first show that f is discontinuous on Q+ = R+ ∩Q.

For any q ∈ Q+, we can find a sequence of positive irrational numbers {xn}∞n=1 such
that limn→∞ xn = q. Then f(xn) = 0 for all n ∈ N and limn→∞ f(xn) = 0. Since
f(q) = 1

m2 > 0 for some m ∈ N, we have that f(x) is not continuous at x = q.

Then we prove that f is continuous on C = R+−Q. Let c ∈ C and ε > 0. We define
a set

Sε,c :=

{
x ∈ (

c

2
,
3c

2
) : x =

m

n
, gcd(m,n) = 1 and

1

m2
≥ ε

}
.

We claim that |Sε,c| is finite for any ε > 0 and c ∈ C. Suppose our claim is true.
Since Sε,c ⊂ Q and c ∈ R+ −Q, there exists δ > 0 such that

(c− δ, c+ δ) ∩ Sε,c = ∅.

It follows that for any x ∈ (c− δ, c+ δ),

f(x) =

{
1
m2 < ε if x = m

n
, gcd(m,n) = 1;

0 < ε otherwise.

Hence |f(x)− 0| = f(x) < ε for any |x− c| < δ. Therefore limx→c f(x) = 0 = f(c),
f(x) is continuous at x = c.

Now it remains to prove the claim.

For any x ∈ Sε,c, there eixsts a unique pair of natural numbers m,n such that x = m
n

and gcd(m,n) = 1. By the definition of S, the numbers m,n satisfy that

c

2
<
m

n
<

3c

2
and

1

m2
≥ ε.

Rewriting the inequalities yields that{
2m
3c
< n < 2m

c

m ≤ 1√
ε
.

It follows that both m,n are bounded. Therefore |Sε,c| is finite.


